Supplemental Appendix to “Banks, Liquidity Crisis and
Economic Growth”

In this document we present the supplementary proofs of "Banks, Liquity Crises and Economic
Growth". The proofs included are the solutions to the distinct financial arrangements: (1) Financial

Autarky, (2) The unconstrained optimal risk sharing, (3) covered banking and, (4) exposed banking.

1 Financial Autarky

1.1 The Autarkic Solution

Under financial autarky agents realize their invetsment decisions by themselves and cannot share
their liquidity risk. Consumption in the two states of the liquidity shock is determined by their
investment choice: cg = w — k + vh (k) and ¢, = w — k + h (k). Therefore the value function is :
V(k,w) =mu(w—k+~vh(k)) + (1 — m)u(w —k + h(k)).

The optimal program is to find k., that maximizes V(k,w) subject to k < w (since lim h'(k) = oo,

k—0
kopt > 0). V(k,w) is twice continuous differentiable in k and strictly concave:
PV [ w( en) R - 0P+ emh ()| "
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We are maximizing a continuous strictly concave function over a compact set [0, w], a maximum ko,

— WV(kw)
ok

exists and is unique. Define A(k,w) = and p, the Lagrange multiplier associated with k£ < w.

if k < w (interior solution) A(k,w) = 0
(i) First Order Conditions: A(k,w) = &%) — . 1 w (interior so u. ion) A(k, w)
if k = w (corner solution), A(k,w) >0

2
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= —=7— <0and k <w & A(k,w) > A(w,w) (with strict inequality if k < w).

(iii) W < 0, hence A(w,w) = 0 admits a unique solution w = w* defined by % =
(A-—m)(h’(w")—1)

AR @)
Hence by (i),(ii) and (iii):
(interior and corner solution): for w = w* : A(w*, w*) = 0 and kep = w*.

(corner solution): for w < w* : A(w,w) > 0 and kopr = w.

(interior solution): for w > w* : A(kopt, w) = 0 > A(w, w) and keps < w (A2)
g Wier)  (=—m@(k)—1)
Alkorts ) =0 370,y = 20— AW (B 49)

and the threshold w* is defined by b/ (w*) = %

Properties of the optimal capital choice function k,,:(w)
For w < w*, kopi(w) = w, and the properties for w < w* are obvious.

For w > w*, kopt is uniquely defined by A(kopt, w) =0



P1: kop(w) is continuous on [w*,00), differentiable in w on [0,w*) U (w*,00) and right and left
differentiable at w*. A(k,w) is continuously differentiable in & and w.

P2: kop(w) is strictly increasing in w

. Skt (w) IA(k,w)
for w > w* : §w == 514?;:’7”) |A(k,w):0 (Ad)
ok
0A(k
% < 0by (A1) (A5)
0A(k,w) u”’(er)  u'(ep)
—>0& &
ow u’(cg)  w(cg) ‘L= cm
P3: kopt(w) is concave in w and strictly concave for w > w*.
P4: %(w) is mon increasing in w, and strictly decreasing for w > w*
8( 6A((Sk,w) )
k() O mEm
for w > w* : 552( ) = Bujk | Ak, w)=0 (A6)
Using (A3) and the properties of the utility function, (A4) can be rewritten as:
Okopt(w) —o(cr, —cg) _ —o(cp —cg) (A7)
T cper(1—y)R" (k -
owo vy n — olen (L=l (k) + cu(h (k) — 1) D
hence,
cg+tc 1—)R" (k
P kopr(w)  7leL —cp) [<(1fvh’L<l)<(>>(h72k>£1)) — o —)r k) 0 A8
w2 D2 < (A8)
At w = w*, klo(p;)(w*) =1, while k;(pt)(w*) == T < 1

w* (1—~h/(k))(h'(k)—1)

P6 kopi(w) is bounded by kpax = h/~1 (17ﬂ1+m). By construction ¢y, > cg & Zl,gifg <1 kot <

B1 (;) = kmax by (A3).hence as w — oo, cg — ¢, and wlcs) 1 o B (k) —

1
1—m+my u'(cr) 1—m4my "

1.2 Growth under Financial Autarky

Since capital fully depreciates after it is used, the connection between the individual problem and the

dynamics of the intertemporal model is given by wages of the next generation:

wy = F*(wy—1) = (1 = B)(my + 1 —7)f(k(wi—1)) (A9)
kt = k’(wt_l) = kopt(wt—l)

The following proposition characterizes the dynamics of this economy :

Proposition 1.1 The economy converges towards a unique stable steady state w* > 0 and k(ﬂ)a). The

steady state is defined by F*(w") = w"



Fa(’wt71)
wi—1

(i) The growth rate of wealth is decreasing. 1+ g(wi—1) = %(W'y +1—m)f " (k(wi—1))

Proof. Define the growth rate of wealth g (w;_1) =

k(wi—1)  k(wi—1)
wi—1 T Wi—1

is non increasing, k(w;—_1) is strictly increasing, hence f’(k(w;—_1) is strictly decreasing.
limy oo 222 = 0 and limy oo £/ (k(we-1)) = ' (kmax), then limy .0 1+ g(wy—1) = 0.

Using "'Hopital Rule, limq,_oZ® =10 — Jim, o f/(k(wi_1)) = oo.

we—1
(ii) The steady state (uniqueness,t stability and convergence).
From (i), 3w"“such that g(@”) = 0 < F*(w") = @ has a unique non zero root.
Since by definition g(w") = 0 and g(-) is strictly decreasing= Vw; 1 < @", g(w;_1) > 0 and Yw;_; <
", g(wi—1) > 0. Then, the unique steady state is stable.
Since F'*(w;_1) is strictly increasing: w; > wg = F(w1) > F(wp) © wgy > w1 < wy > wi—1, Vi > 0

(by iteration), thus, convergence is asymptotic. ®

2 Optimal Unconstrained Risk-Sharing Solution

In the unconstrained problem the planner can observe the realization of the idisyncratic liquidty shock
of each consumer. At any period t, and for any given level of deposits (wealth w > 0), the planner

chooses k, A, i, cp and ¢y, to maximize expected utility of a representative current depositor:

mu(cg)+ (1 —m)u(cr) subject to 1

0<k<w 2

1 >0 4

megp <w —k — i+ Ayh(k) (multiplier py) 5

(1)
(2)
0<A<1 (3)
(4)
(5)
(6)

meg + (1 —m)ep <w —k+ Ayh(k) + (1 — A)h(k) (multiplier py) 6

The maximization problem (eqns. 1-6) can be simplified before solving: (a) kope > 0 since b/ (0) =
oo; (b) A < 1,if A =1 it would always be possible to increase both ¢ and ¢, by reducing liquidation
of the long technology.

The optimization problem consists to choose k, A, i, ¢r, cg to maximize 1 s.t.: (i) A > 0, (ii)
k<w,4,5,6.

In the solution of the unconstrained risk sharing problem we show: (a) that the first best solution
is incentive compatible for all levels of wealth, that is, it satisfies the constraint cg < ¢y, required in
the covered and ezposed banking problems; and (b) the conditions under which the first best rolution

is run proof, that is under which conditions cg < w — k + vh (k).
First Order Conditions. Based on the Kuhn-Tucker conditions:

u' (cp) = py + fis (B1)



u'(er) = p (B2)

(g + p9) v < pg with equality if A > 0 (B3)

(g + pg) (1 — Myh/(K)) < po(1 — AR/ (k) with equality if w > k (B4)
py > 0 with equlity if ¢ > 0 (B5)

The unconstrained solution is incentive compatible since u' (cg) =p; +u' (cp), p >0=cg <cp

The optimal solution.

Region A

Region B

A>0,k=w,1=0:
w(cg) _ 1

A>0= = B6
wler) 5 (%0)
(B4) and (B6) = ~h'(w) > 1 = region A applies for : w € [0, k] (B7)
_ Ayh(w) (1= X)h(w)
cE = and cf, = ) (B8)
7T.,}/1/17

(B8)in(B6) = Aopt = \'=

e+ (1 —m)y

optimal liquidation in this region is constant. Notice that: \* % & ’y% % v &0 % 1.

Over region A the UORS solution is run proof if cg <w —k+~vh(k) @ A<r o<1

A>0k<w, i=0:

W) _1_ (LN
)\>0andk<w:>u/(CL) =T T (B9)

this conditions implies a constant optimal choice of capital: vh'(k) =1 < ko = k, and

M % The optimal liquidation policy over this region is obtained

Cg = and ¢f, =

by substituting the definitions of early and late consumption in the first equality relation of (B9):

* * w — E
Aopt(W) = A" — (1= A )BT (B10)
Hence optimal liquidation is a decreasing fuction of w. The threshold that defines the upper level

of wealth for region B (@) ,is defined by Ayp: (@) = 0 in (B10).

AMw)> 0 wao" =k (1 + L) = Region B applies for : w € [k, ©"] (B11)
Y

From the definition of cg and A (w), over Region B, the condition that must satisfy the UORS
solution to be run proof is:

ce <w—k+vh(k) & T
= B —m) (w—k+1k) <0
<~



Region C A =0, k <w, i =0:

u'(ck)

Tl = M ®) (B13)

A=0and k <w =

Wk)—1=w—0"=k (1 + #) = Region C applies for : w € [@*, "] (B14)
-
Early and late consumption are given by cg = w%’“’”, cr = ;L(T’iz Optimal investment in capital

Eopt (W) € {E, ﬂ is implicitly defined by (B13) and can be expressed as:

wh (k)
(1—m)(w—k)

Q=

= K(k) (B15)

Over region C the optimal capital choice is unique (%M,gwgw < O):

where A(k,w) = o’ (M> B (k) — o <w — k) =0k = kop

1—m T

dA(k,w) h"(k)? " 1
T T— +u (CE);<O

From the definition of cg over Region C, the condition that must satisfy the UORS solution to

= (cp) (k) +u" (cr)

be run proof is given by:

CESU)—]C—i"Yh(k') ~ #&lk)g

(from B15) #% < % & R (k) > »%o

1
5

Notice that for (k) > =5 to be consistent with an optimum over this region C (vyh/(k) < 1), it
1

)23
is necessary that o <1 .

Define k., such that /'(k,,) = = and from (B15) we have that the threshold for the satisfaction

Yo
of the run preventive constraint is given by: w,, = kyp (1 + ﬁW) , thus:
ce <w—-k+vh(k) & aglandwgwrp:krp(l+ﬁ) (B16)
where k,, is defined by < K (kyp) = vl"

Region D: A=0,k<w,t:>0=p; =0

w (cp)

A=0and k =h(k B17

and k < w :>u’(cL) (k) (B17)

p=0=cp=cr=ceh(k)=1koyy =k (B18)
w—k— 1. 2

|
g

|
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and optimal consumption is: ¢ = w — k + h(k). Thus since cp =
= (1—m) (w - E) —rh (%) (B19)

Since ¢ = cp = w — k + h(k) > w — k + vh(k) = cg the UORS over region D cannot satisfy the

run preventive constraint.



3 The Optimal Covered Banking Solution

In this section, we present the optimal solution of covered banking. The optimal solution defines four
region (A to D), after presenting the solution of each region, we present the marginal cost of run
prevention.

A covered bank solves a similar problem that the unconstraned optimal risk sharing planner but
with two additional restrictions. It must satisfy the incentive compatibility constraint cg < c¢r, and
the run preventive constraint cg < cg = w — k + vh (k). A covered bank chooses k, A, i, cg and ¢y,

to maximize expected utility of a representative current depositor:

\max mu(cg) + (1 —m)u(er) subject to (7)

0 < k<w (8)

0 < A<1 9)

i > 0 (10)

ce < ¢ (11)

ren < w—k—i+ Ayh(k) (madtiplier 1) (12)
meg+(1—me, < (1=XNh(k) +w—k+ Ayh(k) (multiplier ) (13)
ce < w—k+~yh(k) (multiplier ) (14)

As in the unconstrained problem we solve without impossing the incentive compatibility constraint

(11), and show that the solution satisfies it. The first order conditions of the problem are:

W (cg) = py + o + % (C1)

u'(cr) = po (C2)

(11 + po) vy < py with equality if A > 0 (C3)

(1 + pg) (1= My (k) < pp(1 = M)A (k) + pg (YW (k) — 1) with equality if w> % (C4)
py >0 with equality if i >0 (C5)

Notice that since uq, ps > 0 = the incentive compatibility constraint cg < ¢y, is always satisfied.
In addition, notice that if the run preventive constraint is not binding cg < w —k + h (k) = u3 =0
the optimality conditions are identical to the unconstrained optimal conditions, and the solution will
be identical. We have shown that for ¢ < 1 and w < w,, the unconstrained problem satisfies the run
preventive constraint. Therefore, for o > 1, for all levels of wealth, and for o <1 for w > w,, the run
preventive constraint binds. For these cases we have then the following additional condition:

Pl Tt MKk n(k) (C6)

The marginal cost on liquidity insurance of the run preventive constraint is measured as a marginal
rate of substitution (Zf) , defined by the marginal cost of in terms of early consumption lost by keeping

the constraint (u3) relative to the marginal gain in terms of late consumption (p,).



Region A k=w, A>0,i=0, cpg =cg

cE:cRandk:w:%(w)zvh(w)@ A= (C7)
cr, = a%)iLTm):h(w)écE:'ycL
- T )

From (C1), (C4) and (15) we have that this conditions hold for:

1 1
(' ()= 1) (1497 (& =1)) 20
11
sincec > 1= —>==n(k)>
A

region A applies for : w € [0,k]

From (C1), (C2) and (C3) in region A, the marginal cost on liquidity insurance of the run

preventive constraint f*— is:
2

. 1 1
Bs _ o (— — —> constant (C9)
Ho A
Region B k<w, A >0, =0, cg =cg
Fromi = O0and (C5): cp =cr <
w—k
— r-(1-mpE 2 1
Alw) T—(1-m)p o) (C10)
1—X
F 1 : = —~h(k
rom (15) cE=77 (k)
1-XNh(k
and since and ¢y, (1# =h(w) = cg =ycL =
-7
/
1
wlee) _ L (c1)
w (L) 77
1
from (C1 to C4) and (15): b/ (k) = 5 = k=k
™
k = k, and (15): A(w >0<:>w<1I)c:E(1+ )
(15): A uw) o
region B applies for :  w € [k, 0
The marginal cost on liquidity insurance of the run preventive constraint %;L is:
1 1
Bs _ <— - —> constant (C12)
Ko v



Region C k< w; A=0, i=0, cg =cg

Fromi = 0, A=0and (C5): ¢cg =cr =
h
CE = ’yﬂ anch:MécE:'ycLé
1—m 1—m
!
1
wie) _ L (C13)
v (cr) Ve
The optimal choice of capital is implicitly defined by this marginal rate of substitution:
(I-m)(w—k)—~mh(k)=0 (C14)
Over region C the optimal capital choice is unique (dAgZ’w) lo<w<w < O):
h(k w—k
where A(k,w) =’ (%) B (k) — o < - ) =0&k=kop
dA(k:7 w) _ !/ " " h”<k)2 " 1
I =u' (cp)h'(k)+u <CL)1—7T +u (cE)ﬁ<0
ce) _
From (C1), (C2) and the MRS (CE = 7%,
1
z§:ﬂ<__¢gi&) (1)
Ho e Ha
From (C4)
py p
———2 =1 (k) = = (1L — 7k’ (k) (C16)
Mo o

From (C5) ipy = 0, then the limit of this region is defined when p; — 0. From (C15), (C16) and
11 = 0 the capital level at the boundary of the region is:

— _W(Vig_l) (1w (i) =

; +(1-m7
h/ kc — T Cl7
( ) ™+ (1 =77)7° (c17)
and from (C14):
~c _  Ic T 1 (7.c
@ = k <1+7B(1_ﬂh (k )) (C18)
region C applies for :  w € [@0° 0

e Substituting (C16) into (C15) we obtain the marginal cost on liquidity insurance of run prevention
p_ (3 h®)
py  1—m(1—~h'(k))

1

Since ¢ > 1 = = > % and since w > w° h' (k) < % Therefore, the marginal cost of run

(C19)

prevention is positive. This marginal cost is increasing with the level of wealth over this region

since:!
253

—h" (k) 1\ dk
P2 — 1 B12>0 C20
dw 17r(1fyh’(k:))( L) dw (C20)

1dk . _ 1-m
dw — 1—7m+mvyh'(k) >0



Region D k< w; A=0, ¢ >0, cg =cg

A =0, cE:cRéw%H:w—k+7h(k)
i = (1—m)(w—k)—nyh(k) (C21)

(C15), (C16) hold with pi; =0 = L) =
1—7y
u'(cg) 1-m ( i h/(k)_l)
o (cy) 7w 1—~h' (k)
The optimal choice of capital is implicitly defined by the definitions of 4 (15) and of the MRS

(C22)

(C22)
Lo tw- k" 1-a (2 (k) -1) .
w —k+vh (k) oo 11—l (k) (C23)
which implies that:
lim A'(k) =1% k°(w) — k" (w) (C23b)

w—>00
e The marginal cost on liquidity insurance of run prevention is obtained by substituting (C16) into

(C15):
K3 h(k)—1

py 1=k (k)
that is decreasing with the level of wealth:

s ' (k) dk

o T84 48) 2 2
duw 1—w<k>< ") aw <P (025)
Furthermore by combining (C23b) and (C24):

(C24)

lim 23 =0 (C26)

4 The Optimal Exposed Banking Solution

In this section, we present the optimal solution of optimal exposed banking. An exposed bank chooses

k, A\, 1, cg and cy, to maximize expected utility of a representative current depositor:

apax (1—q)mu(cg)+ (1 —mu(er) + qu(cr) subject to (15)

0 < k<w (16)

0 < A<l (17)

i > 0 (18)

cg < cL (19)

meg < w—k—1i+ Xyh(k) (multiplier &) (20)

meg+ (1—mer < (1—=XNh(k) +w—k+ Ayh(k) (multiplier ¢,) (21)
crR = w—k+~vyh(k) (multiplier ¢s) (22)



In a similar way to the unconstrained problem and the covered bankikng problem we solve without
the incentive compatibility constraint (19) and show that the solution satisfies it.

First Order Conditions

(1 —q)u' (ce) = ¢1 + ¢, (D1)
(1—q)u' (cL) = by (D2)

qu’ (cr) = ¢35 (D3)

(1 +do)y < ¢y with equality if A > 0 (D4)

(b1 + Do) (1 = MyR (k) < ¢o(1 — MR/ (k) + ¢35 (YR (k) — 1)  with equality if w > k (D5)
¢, > 0 with equality if i > 0 (D5b)

Since ¢, > 0 the incentive compatibility constraint is satisfied.

The optimal solution.

Region A A >0, k=w, i=0:

A>0= = - D6
wler) v (Do)
_ Mh(w) (A= Mh(w) _
Cp=———, L= i-n and cg = vh (w) (D7)
D6) in (D7) = Agpt = A= D8
( )’LTL( )j opt — :7771/0_"_(1_7_‘_),7 ( )
From (D5 and D6),
1 (I-qgvlcr)\ (-qgulcr)
- < HKW( <1 + —
7 = W T Wen) q w(cr)
1, (1-q) w'(cr)
= _l’_ —
h/ (k’) > 2l g  u'(cr)
- (1—q) w'(cr)
(Y
=  ~h/(w) > 1= region A applies for : w € [0, k] (D9)

Hence the conditions for region A are the same as in the unconstrained optimal risk sharing.

Region B kE <w, A>0,1=0

wicg) 1
A>0= von) = 5 (D10)
CE:M7 CL:W, and cg = w — k + vh (w) (D11)
From (D10) and (D11)
>‘0pt(w> =N -(1- /\*) BwT_k (D12)

10



The upper threshold of region B is defined by A — 0, using (D5), (D6) and (D11)

(1= )28 () = T 2 (0 o () = (1= X ()

T (CL)V(l — ' (k) =1 -~ (k) &

1
Mk = —=k=k
(k) m k
by Aopt (W) =0 in (D12).
Aw)>0ecwo*=a"=k|1+ ) Region B applies for : w € [k, "] (D13)
(1 —m)yp
Region C k<w, A=0,1=0
Cr, 7h (k) Cy, h(k)
== "V and = = D14
e T=mw—h " = T=m =k h () (D1

From (D1 to D3) and (D5),

W(er) 0w (en)

u! (CL> - ]._—(]’U/ (CL) (1 _fyh/ (k:)) (D15)

Optimal investment in capital is implicitly defined by (D15) with the values of the ratios of consumption
defined in (D14).

Let the upper threshold of region C be ¢, it is defined by (D5b) as ¢; — 0. Notice that in this
case cp — ¢, & mwh(k) = (1 —7)(w— k). at w = w*° then at the threshold (D14) becomes:

Cy, 1

cg mH+y(1—m)

and (D15) : W (’%e>:11++ lilv((%))
h (ke) - q({VJ:L((lqu))(Z:TJ;((ll_ﬂﬂ))?)a : o

and the threshold is defined by:

——~ | Region C applies for : w € [@", w* D17
T @+, ) (D17)

Region D k< w, A=0, ¢>0

When the bank starts using excess liquidty ¢ > 0 = ¢; = 0, the bank provides full liquidity
insurance

' (cg) 1o
' (cr)
cg = cp=w—k+h(k)



therefore since cp = w_f_i and ¢y, = ﬂé% = excess liquidty is defined as

i=(1—-m)(w—k)—rh(k) (D18)

An examination of the first order conditions show that (D15) still holds. Hence optimal investment

in capital is implicitly defined by:

(1=q) (W (k) = 1) (w =k +~h (k)" =q(w—k+h (k)" (1=~ (k) (D19)
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